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In this paper we give a new scheme for deriving a non-linear system, satisfied by
the three-term recurrence coefficients of semi-classical orthogonal Polynomials, this
non-linear system is labelled “Laguerre~Freud's equations.” Here we do not deal
with the numerical aspect of the question (stability, asymptotic, ...). Our purpose is
to take due advantage of linear functionals formalism and to show that given a
semi-classical linear functional, i.e,, given two polynomials, we are able to provide
the Laguerre-Freud’s equations. The way of obtaining these equations is put in a
recursive form appropriate for computer algebra calculation, especially when the
degrees of the two given polynomials are large. We illustrate our process by several
examples and we point out two cases where the solutions to Laguerre-Freud’s
equations are not unique. © 1994 Academic Press, Inc.

1. INTRODUCTION

Let {P,},- be a sequence of monic Orthogonal Polynomials (OP) with
respect to the linear functional ¢, and therefore {P,}, ., satisfies a three-
term recurrence relation, i.e., [9],

Pn+2(x)=(X—Bn+l)Pn+l(x)—yn+lPn(x) n>0

Py(x)=x— o, Po(x)=1
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where 8,,,7,,..1€C, 7,.1#0, n=0 B, and y, are given by

&, xP2(x &, PE >
ﬂn=< <$,P§>)>’ yn+1=<<g,P§; 3 nZO (2)
with the convention y, = (%, P3), in order that (&, P2> = [1;_ov,forall
nz=0.

In numerous applications [6, 11, 13, 12, 28] one needs information
about the zeros of {P,},.,. The usual way of tackling this question is to
use Sturm-type analysis applied to the diflerential equation satisfied by the
corresponding polynomials. However, orthogonal polynomials generated
by the three-term recurrence relation do not necessarily satisfy any simple
differential equation, and if they do [4, 27] then the nature of the differen-
tial equation is not always appropriate for Sturm-type analysis. Thus the
suitable approach is to treat the zeros of orthogonal polynomials as the
eigenvalues of truncated Jacobi matrices; according to this point of view
the recurrence coefficients £, and vy, are essential ingredients.

Here we present a straightforward way which allows us to establish the
non-linear system satisfied by 8, and y,, requiring only the assumption
that & is semi-classical [15, 24] i.e.,

Y&+ D[¢Z£]=0, (3)
where
W&, Py =L YyP)
(D[¢Z], P> :=—<(¢%, D[P])
—L9Z, P>

P ;= P(x) an arbitrary polynomial, ¢ and y polynomials in x

I

The integer s = max{degree ¥ — 1, degree ¢ —2} is the class of . If & is
represented by a positive weight function, say p over the interval 7, ie.,

(& Py = jlp(x) P(x) dx,

then (3) is equivalent to [3],
(Y +¢)p+ép =0

and ¢(x) p(x) P(x)|,=0 for any arbitrary polynomial P.
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To recover Hendriksen and van Rossum notation [157, just set

A=y+¢
B=4.

The non-linear system will be labelled Laguerre-Freud’s equations, we
borrowed this denomination from A. Magnus [22, 23], who dealt with the
problem in the case of an exponential weight. We will see later that our
approach, with the suitable substitutions of the parameters, agrees with
Magnus’ results.

A number of problems in physical science [1, 8§, 10, 16-18, 21, 29-31]
and in applied mathematics deal with semi-classical polynomials and par-
ticularly with the class s=1 [2, 3]. As an illustration of our process we
write the explicit Laguerre-Freud’s equations in the case where ¥ is semi-
classical of class one, as well as when £ is represented by the weight
function p(x)=exp{ —Q(x)} over the real line, with

2m
Q(x)= Z qukﬁ q2m>0
k=0

At the end, we show on an example how the complexity of the non-linear
system increases by writing the Laguerre-Freud’s equations for

pix)y=e"* on ]—oo, +oo[ (Hermite OP) (4)
pax)=e"* on [0, +oo[ (Maxwell OP) (5)
pix)=e ¥ on [0,1] (Truncated Maxwell OP) (6)
pix)=e* on ]—00,0]U[1, +o0f (7)
pix)=e =" on [—cc] (8)
falx)=e " on J—o0, —c]U[c, + o[ 9)

which satisfy, respectively,

2%+ D[L]=0 (10)
(2x*— 1) %, + D[x%] =0 (11)
{(2x3—2x2—2x+1)5f3+D[x(x——1),?3]=0 (12)
(x> =2x2=2x+ 1) Z+ D[x(x—1)#]=0 (13)
{2(mx2'"+‘—mc2x2"“'—x):zg+1)[(x2—c2)gg]=o (14)
2mx¥ ! —me?x® 1 —x) &+ D[(x*— ) Z] =0. (15)

The last four linear functionals exemplify the situation where the
Laguerre-Freud’s equations have more than one solution.
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Equations (10)-(15) are obtained via the recurrence relation satisfied by
the moments, for instance, let us take the Maxwell case:

+oc 5
. =f x"e ™% dx,
o

the moments satisfy
2Upya—(n+1)p,=0, n=0,
which may be written as
Clny2—Ha) —np,=0, n=0,
2%, X" — (B, X" =L, x") =0, n>20
22X =1L, x> —n{x%, x" " 1D>=0, n=0
2 =1) %, x") ~{x%, (x") ) =0,  n=0.
Finally we obtain
(2x* - 1) %+ D[x%], x" )0, nz0

hence Eq. (11).

As we said in the abstract, here we do not deal with the numerical aspect
of Laguerre-Freud’s equations. We conclude this introduction with a few
words about the efficiency of Laguerre-Freud’s equations. In principle the
first 22 moment p, = { &, x*>, k=0, 1, ..., 2n — 1 determine uniquely the 2n
recurrence coefficients f§, and y, via Eq. (2), for this we have to perform cn
operations (¢ constant) to evaluate the numerator and the denominator of
the fractions in (2). Further we need the intermediate polynomials; that is
to say that we have to perform c(1 +2+ --- +n)~ cn?/2 operations to
reach the level #. The modified Chebyshev algorithm requires O(n?) opera-
tions [13], but Laguerre-Freud’s equations request O(#n) operations for the
computation of f’s and y’s of level n.

II. PRELIMINARY RESULTS

In the sequel we need the following results.

A. [teration of the Three-Term Recurrence Relation

If we start with the three-term recurrence relation and we repeat the

process we obtain
n+k

*P(x)= Y C* Pi(x), (16)

LHnTJ
Jj=n—k
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with the convention that polynomials with negative subscript are zero. It is
easy to see that

LEMMA 2.1.  The coefficients C} , satisfy
k
CﬁiI‘(~1,n=’y",kC:7k,n= H ynfj (C]’anOfOI'_]<O)
j=0
Chty :ﬂn—kcﬁ—k.n+yn—k+lcﬁ-k+l,n

n—k.n

Cf:l=Cf—l,n+ﬂj'cjl'fn+yj'+le,'{+l,n’ n—k+1<j<n+k—1

k+V  _ ok k
Cn+k‘n—Cn+k*l‘n+ﬁ"+kcn+k.n

ckrl Ch =1

n+k+1tn= Convkn

Starting with the vector V,=(C)_, ,,C, ,,C,., )" a matrix version of
the above relations may be written, which permits the evaluation of the

vector

Vk+1=(ck+l s Cktl '...C‘-‘+l'...Ck+l )T

n—k—1,n° n—-k,ns jn n+k+1,n

as
k—1

Vk+l= H Ak-le
i=0 (7
Crra=va (n21), C,,=p, n20), C,,,,=1 (n=20),

where the (2k + 3) x (2k + 1) matrix A, is given by:

[k 0 0 0 7]
ﬂnfk Vn—k+1 :
1 ﬁn~k+l
. 1 )
A= ‘ . 0 . (18)
L Buvk—1 Vnsk
0 0 1 Bui
.. O 0 0 1 ,,,J

This process, is of course equivalent to a more familiar one involving the
tridiagonal Jacobi matrix associated to the recurrence relation (1) [22].

B. Turan Determinant

Let ,,,=P,P,. ,— P2, denote the Turan determinant, which satisfies
the recurrence

l?.nﬁrl-_ﬂlyn'g_n=(ﬂn_‘ﬂn+l)Pn«%l})n"{-(’yn‘yn-l—l)l)f; (n?l) (19)
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It is an easy task to show

LEMMA 2.2. The Turdan determinants are given by

n n —1—
Il v+ Y H _F(h), n=0,
j=0 h=0 j=
where

Fh)=(Br—Bus 1) Prs i Prt (h—7as 1) P}

In the sequel we will assume that empty products are equal to unity and
empty sums are equal to zero.

III. LAGUERRE-FREUD’S EQUATIONS

A. Algorithm

Let us start with the functional equation for the semi-classical form %
(Eq. (3)), where the polynomials ¢(x) and ¢(x) are written as

d(x)= Z’: cix’, =0, (20)
i=0
V=3 ax, pzl. (21)

The null form given in Eq. (3) acting on P2 and P,, P, gives the two
relations,

Y2, Pr>=2(8¥, P,P,) (22)
YL, Py P =L, (PP, 1)) (23)

Equations (22) and (23) will provide the Laguerre—Freud’s equations for
the linear functional . After expanding ¢ and ¢ according to (20) and
(21), the last identities become

P 1
Y, a{/&, PLy=2 ) ¢ (X', P,P,) (24)

j=0 i=0

a(xX’L, P, Py=3 ¢;{x'L(P,P,, ) (25)

j=0 i=0

M~
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The recurrence coefficients f§, and 7, already contained in these 2 relations
replacing, in a clever way, xP, by P, +8,P,+7,.P,_, and evaluating
the four “integrals”:

L =552, PO, I, =117 (26)
/=0

Jk,n:z <xk$a PnP;x>’ JO,n=0’ Jl.nznlo,n (27)

Kk,n:= <xkg, Pn+1Pn>s KO,n=Os Kl,n=Vn+lIO,n (28)

Ly, =(x*%,(P,, P,)>, Lo ,=n+1},,. (29)

Using the orthogonality of the sequence {P,},. , with respect to .¢ and
Lemma 2.1, we have

LEMMA 3.1.  The “integrals” I, , and K, , are given by

Ik,n= Cﬁ,nI[),n

_ ok — k
Kk.n_cn+1,n10‘n+l_yn+lcn+l,n10.n'

Again, using the orthogonality of {P,}, ., with respect to &, we obtain

LemMa 3.2, The “integrals” J, , and L, , satisfy mixed recurrences in k
Sfor a fixed n,

2 ein=2Bdknt Licut vuLlicn-1—Iin
Lk+l,n=2?n+1‘]k,n+ﬁn+1Lk,n—Kk,n+ <xk$’ (PnPn+2),>'

The evaluation of < x*%#, (P,P,,,) ) is controlled via the Turin deter-
minant; indeed we have

(P”+2P")'=9-:1+1+2Pn+1P;+|. (30)
Thus
(2, (PP ) Y= X5, Ty > 4+ 2 (31)

According to Lemma 2.2 we have

<xk$,9-;:+1>= Z . yn»j{(ﬂh—ﬂh+])<xk"?s (PhPhH))')

+ (rh—vae KXZ, (PR) >}
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or
n n—1-—h
<Xk$, T 1) = Z H yn-j{(ﬂh—ﬂh+l)Lk,h+2(yh'_})h+l)‘]k,h}-
A=0 =0

We may translate the Lemma 3.2 to a matrix version, namely,

[2Jk+l,n:l=l: ﬁn 1 :”:2Jkn]+l: ?nLk,n—l_Ik,n ]
Lk+l,n Yrn+1 ﬂn+l Lk,n 2Jk,n+l-Kk,n+<xk$99_:z+l

(32)
With obvious notation we have

Yk+l,n=BnYk,n+Zk.n'

In other words

k—1
Yk-+—1,n= (Bn)k Yl,n+ Z (Bn)j Zk‘j,n'

j=0

According to Lemma 2.1, the results of Lemmas 3.1 and 3.2 mean that if
we know the values of the four “integrals” at level k, we are able to com-
pute them at level £+ 1. As stated by (24) and (25) we need only to
perform the recurrences satisfied by I, J, K, L for k <max{p, t}. At this
stage we have all the ingredients involved in Eqgs. (24) and (25).

B. Laguerre—Freud’s Equations for Semi-Classical Orthogonal Polynomials
of Class One

Let us write the “integrals” which are involved in the case where .& is
semi-classical of class one [2, 3], ie,

Vix)=a,x*+a,x+ay,  $(x)=c3X°+c;x7+¢;x+ ¢

According to Eqs. (24) and (25) we need

]k,n’Kk,nyOSkSZ, nBO

Jk,n’Lk"nOskS:;, n>0
which are computed via the previous algorithm

10,n=<$sPi>

1, ,=8,1

1,n ﬁn O.n R (33)
I?.,n:('))+1+‘}}n+ﬁn)10,na n>1

L o= 11+ B3 o, 0
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rJO,n=<$’PnP;>=0
.]l_,,=n10‘,,

Jz,n=[(n‘1)ﬁn+zn: ﬁk]lo,m n=0
k=0

< Ja,,.={n(vn+x+?,.)+ﬂn[(n—I)Bn+ 5 ﬂk]

+2 ) vty ﬂi}lo,,,nZO
\ k=1 k=0

Kon={ZL, P, 1P, >=0
Kl.n=Vn+110,n, 2
K2,n=vn+l(ﬂn+l+ﬁn)l().m n>0

(Lo, =+ 1),

Ll,nz(z ﬁk>10,n
k=0
< Lz,nz[(2”+1)?n+1+2 Z Y+ Z B/Z(JIO.na

k=1 k=0

k + 2001 Y Bk} L s n=0.

k=0

Equations (24) and (25) can be written respectively as

359

(35)

n=0 (36)

Ls.,,={‘»,.+x[(2n+l)ﬂ"+1+2an]+3 S 2Bt Be )+ S B
k=1

k=0

al, ,+al, ,+aply ,=2[c3J; ,+ 2z, + 1Ty + Codo 4]

(37)

a,K, ,+a, K, ,+ayKy ,=c3Lsy ,+cLy ,+c, L, ,+coly,. (38)

Taking into account the different values of I, ,, J; ., K, ,, and L, , given
above, we obtain the Laguerre~Freud’s equations for the class 1,

ayy = —y{(Bo)

n—1 n—1

(@y—2nc3) (v, 1 +70) =43 Y, 75+2 Y. 05,8(8)—W(B,) nzl1
k=1 K=o
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and

[a:—(2n+1)c3]Yne 1 Bus

- ¢(ﬂk)+c3[2y,,+,(nﬁ,,+ 5 ﬂk)+3 5 mmﬁ“n]
k=0 k=0 k=1

+62[(2n+1)vn+1+2 2. h]—(azﬁn+al)vn+1; nz0, (40)

k=1

where

plx) — $(0)

X — 0

0.6(x)=

To check the validity of Eqgs. (39) and (40), we set, respectively,

¢3=0, c;=1, ¢,=0, ¢,=—1, a,=0, aj=—(x+p+2), ay=p—0

cy=0, c;=1, ¢, =cx=0, a,=0, a,=—2a, ag=—
ci=0¢,=0, ¢;=1, ¢,=0, a,=0, a,=1, ag=—a—1
c3=c,=¢,=0, ¢c,=1, a,=0, a,=2, a,=0.

Then we recover the Jacobi, Bessel, Laguerre, and Hermite recurrence
coefficients respectively {5].

C. Generalized Exponential Weight
Let % be represented by the weight function

p(x)=exp{—Q(x)} over the real line,

with
2m
Q(x): Z quk’ q2m>oy
k=0

then the moments u, ;= (%, x") satisfy the following recurrence relations

2m

z kqubn i1 =N, =0 for n=0. (41)
k=1

In obedience to (41), the linear functional & satisfies

Q(x)¥ +Dp[¥]=0. {42)
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In this case Eqgs. (24) and (25) give

2m
Y kqu{x* ', P =2(%, P,P,>=0 (43)
k=1

2m

Z qu<xk7]g, Pn+an> = <y’ (Pn+IPn),>

k=1

=(n+1){ &, P> (44)
which may be written as
2m 2m
Z kg I, _, ,=0, Z kg Ki .=+,
k=1 k=1
or, according to Lemma 3.1
2m
Y kg Ch,'=0 (45)
=1
2m
Yost 2, kg Chil,=n+1 (46)

k=1

As we can see the Laguerre-Freud’s equations are obtained by a simple
computation of two components of the vectors V, for 1 <k <2m— 1.

For clarity’s sake, let m=2. We have to compute C% , and C}, , , for
1 <k < 3. In the light of Lemma 2.1 or Eq. (17), we have
Cow=B, (120),  C, =y, +B 47,0 (n21)
Crn=nBu 1+ Ba) + Balynt Brt 70 1)
+Vnst(BntBnyy)  nz1) (47)
Coo=Pi+7, Cé_o=ﬁo(ﬂé+vl)+r1(ﬂo+ﬂ1)
Covra=1  (20),  Ci,,=B,+f,.1 (n20)

Cr31+1n ‘yn+ﬁ (ﬂn+ﬁn+l)+‘)"n+l+ﬂn+l+yn+2 (n>1) (48)
Clo=Bo(Bo+Bi)+ 7+ BT+

Therefore the Laguerre—Freud’s equations take the following forms

(4443 Bn— 1+ 27,80+ Bot 2701 Bat Yoy 1 Busy)
+3¢:(7a+ Ba+ e )+ 2028+, =0 (n>1) (49)
49,3+ 27 Bo+ 71 Bi+34:(Bs+7) +24:80+9,=0
Tnr1{84an+ BrA BaBrs i+ Vas i + B2 1+ Vas2)
+3¢:(B,+ B, 1) +2g, ) =n+1 (nz1) (50)
\71[494(B5+ BoB1+ 71+ BT +72)+3¢5(Bo+ B1) + 29,1 = 1.
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These two equations agree with the ones of Magnus (Egs. (1.22) and (1.21)
respectively in [23]), of course, with the suitable change of notations

v.—a2,  B,—b,, and g,—ec, , for O0<k<4.

Moreover, if we set go=¢,=¢,=0, and ¢g,=1, we note that p(x)=
exp{ —x*} is an even function on R and the corresponding orthogonal
polynomials constitute a symmetric sequence, that is to say that §,=0 for
n>0. Then Eq. (49) is a trivial identity. Eq. (50) is reduced to

by, i (PaFPusr T Var)=n+1 (n21),  4y(y+y)=1 (n=0)
(51)

This last equation has been the object of considerable study [22, 7, 14, 19,
25, 26, 32].

IV. APPLICATIONS

In the sequel, we will show the increasing complexity of the relations
satisfied by f, and v, with respect to changes in the weight support. We
start with the Hermite weight function and successively truncate the
support of this function in order to generate new orthogonal sequences.
These new sequences still remain semi-classical.

1. Hermite Case
¢(x)=1,  Y(x)=2x
Y, satisfies 2x.%, + D[4, ] =0. Equations (39) and (40) are equivalent to

2ﬂ0=0
2B,=0, nxz1
1—-2y,=0

n+1-2y,,,=0, nx0
which lead to
B.=0, n=0
(52)
Ve =(n+1)/2, n=0.

2. Maxwell Case
Zis the Maxwell’s linear functional {29, 30], which satisfies (11), i.e.,

2x*-1)%+ D(x%]=0.
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According to {(39), (40)} we have

2y, =1_2ﬂ(2)
2yn+l=2n—2yn—(2ﬁﬁ_—1)’ n}l (53)
2'))n+lﬂn+1= Z Bk_2Yn+1Bn9 n>0
k=0

with o= 1//7.

Equations (53) may be written as
2y, =1-28¢
201 = 20412y, 282, n>0
n k
2yibaei= 3 | 3 B @k 1-2608 | n20
k=0Lh=0
Equation (11) may be written in the following form
x{2x%+ D[ %] =0
or
B+ D[LH]=2xH, 1) 0y,

where §, is the Dirac mass at the point ¢. The left hand-side of the previous
equation is the same as the functional equation satisfied by the Hermite
linear functional. We will say that Maxwell linear functional is the
truncated Hermite linear functional.

3. Truncated Maxwell Case

%4, is the linear functional, defined by (12), ie.,
2x*=2x2=2x+ 1) A+ D[x(x—1) %] =0,
(x—1D){2x*-1) %+ D[x%]}=0
or

(2x* 1)L+ D[x L] = ((2x* - 1) %, 19,

As we can see the left side of this equation is the same as the functional

equation satisfied by Maxwell linear functional and the right side is a Dirac

mass, then %, can be viewed as the truncated Maxwell’s linear functional.
Application of (24) and (25] give

213,73—212.n_2Il,n+10,n=2(J2,n—Jl,n) (54)
2K3.n—2K2,n_2Kl.’I+K0,n=L2,n——Ll,n‘ (55)
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First we have to compute [, , and K, ,,

13,n: [yn+l(ﬁn+l +2ﬂn)+yn(2ﬁn+ﬁn»l)+ﬁi]10,na n>1

(56)
13,o=[?1(51+230)+ﬂ8]10‘0
K3,n=yn+l(yn+2+yn+l+yn+ﬂ5+]+ﬁn-+—lﬁn+ﬁpzw)10,n’ n?l (57)
Ky o=y1(r2+7+B1+ B Bo+ B o, o-

Let us substitute the previous expressions in (54) and (55), we obtain
27’,,“(13"“+2ﬂn—1>=2{(n—1)ﬁn+ S o7,
k=0
e R A e R AN EY
., Y (58)
2y 1Vna 2= Z ¢(Bi)+2 Z Vi
k=0 k=1
+ Va1 [2n+1 =05 ¥(B., 1)
_z(yn+l+yn)]a n?l
29, (B + 28— 1)= —¥(Bo) (59)

27172 =0(Bo) + 7. [1 _OﬂOW(ﬁl)—zyl]'

4. Truncated Maxwell’s Companion Case

x2

%, is represented by the weight function j,(x)=e~* over ]—o0, 0]
U[1l,o[. It is easy to see that the moments u,:=[° x"¢ * dx+
™ x"¢ ~* dx satisfy the following recurrence relation

2ty 3 =20 42— 2+ g~y — 1) =0. (60)

Thus the functional equation satisfied by % reads as (2x°—2x?—
2x+ 1) &+ D[x(x—1) Z,]1=0. We have to note that &, satisfies the
same functional equation as %, that is to say that the recurrence
coefficients satisfy the same Laguerre-Freud’s equations given by (58)
and (59). If we denote 8, and y, (respectively /7,‘ and 7,) the three-term
recurrence coefficients associated with % (respectively %), then (8,, 7,)
and (f8,, 7,) satisfy the system {(58), (59)} with the initial values

_l=e! _y(3/2; 1) l—e 1)\?2
Sy 1y [ETTVE 1)’(711/2; 1))
N e ' —1 L 2r(32)—y(3/2;1)
bo=srip razm ' Tarap) )

Bo

e—l_l 2
‘(2r(1/2)—y(1/2; 1)> ’



LAGUERRE-FREUD’S EQUATIONS 365

where y(q, z) is the incomplete gamma function defined by

y(a,z)=J‘zt""e"dt for Re(a)>0
Q
— —-1,a F a —_
a~'z%, 1(a+1 z)
=a'z% ", F ( ! z [20, p. 220]
e+ 1 P '

5. A Freud Weight

%, is represented by p,(x)=exp(—x>") over [ —¢, c]; it is easy to show
that %, satisfies

2(mx*"t —meix?m T — x) &, + D[(x* - ) #£]=0.
Hence, in this case the Laguerre-Freud’s equations read as

Z{MI2m+ l'n—MC212",71‘n—11’"} =J2‘n—cz‘]0.n
2{mK2m+ l,n_mczKme l,n_Kl,n} = L2,n*C2L0,n

or, using Lemmas 3.1 and 3.2 and Eqgs. (34), (36)

nn

2{mC ! —merC - C V= (n~1)B,+ Y By,  n20
k=0

20 1 {mC L =m0 = )
n n
=Q2n+1)y,,,42 Y 1+ Y, Bi—ctn+1), n=0.
k=1 k=0

But p,(x) is an even function over a symmetric interval, then % is a
symmetric linear functional, hence f,=0 for >0 and Laguerre-Freud’s
equations are reduced to

2(mCr ' —me*Cn - C) 1 =0 (61)
2"1'71 +1 {mcir-no--i-ln - "lczcirz-T,ln - Ctlz +1, n}
=(2n+1)})n+l+2z Pe—2(n+1). (62)

k=1

For convenience sake, we set m = 2. Therefore, we have to compute Cy ,
and C¥ for k=5,3,and 1. C) , and C) , are given by (47), where we

n+1,n

have to equate f, to zero, thus we have C) , = C,3,_,,=0, n=0.
For C; ,, we use (17) and obtain C> , =0. Therefore Eq. (61) is a trivial
1

identity. Now to compute C, ,, , and ‘wa 1. »» We refer to (48), where we

640/76/3- 6
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set §,=0. We obtain C,_,,=1, n20 and C},, .=V, +Vns1+Vnr2

nzl, C{ y=7,+7,. For C3,, ,, we use (17) and obtain
Ci-f—l,n:'yn(yn»—l+'yn+yn+l)+yn+l(),n+Yn+1+yn+2)
FVns2(Pnt Vnir T Vne2tVass) 021
C o= +72) + 72071 + 72+ 73)-
So, Eq. (62) becomes

4Vn+l{’))n())n——l+yn+Yn+1)+yn+l(Yn+Vn+l +yn+2)
+yn+2("l)n+yn+l +})n+2+yn+3)—cz(Yn+Yn+1 +yn+2)}
=(2n+3)y,,.,+2 Y —(m+1)c%, nx1
k=1
49, {1 (i +y2) F 120+ 72+ 73) — S0 +12)}

=3y, -
or

4 a1 FVnH Ve )+ (o1 — %)
x(yn+Yn+l+})n+2)+‘yn+2(?n+?n+l+yn+2+yn+3)}
=2n+3)y,,,1+2 Y p—(n+1)c®, nx1 (63)

k=1

Yy {(ri— Ny + )+ 7200y +73) =3y — (64)

As noted by A. P. Magnus Eqgs. (63) and (64) contain, as a particular
solution, a solution of Eq. (51).

Let us now take %;; the linear functional represented by g,(x)=
exp(—x*") over ]—o0; —¢] Ulc; + oo[. Then %, satisfies

2(mx¥ e — x) 2+ D[(x* =) Z]=0.

Therefore y, verify the Egs. (61) and (62). If we set m=2, and we denote
v, (respectively 7,) the coefficients of the three-term recurrence relation
associated with %, (respectively 2,), 7, and 7, satisfy the same Egs. (63)
and (64) with the initial values,

1 <1 4> (35 ) (3¢ v3:¢Y)
vl 5ict)s = =

? - ] ? - -
s et 2Ty ey vk et

~ 17 (1 1, . _AG) =)
°‘4[r(4>‘y(4’c )] TG =)
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rQ-rGe)

L T R

As we can see we exhibit two situations where Laguerre-Freud’s equations
have more than one solution.
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